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The aim of this Brief Report is to provide a simple intuitive derivation of the results for sedimentation
velocity of a small spherical particle in a counterflow vortex tangle in turbulent superfluid. When the velocity
of the tangle vortex lines is small as compared to that of the particle, our results reduce to those obtained
previously by other authors through more complex arguments, except for a logarithmic dependence of one of
the coefficients on the vortex line density. Comparison of both derivations may be useful to clarify the range
of validity of the expressions for the forces between the particle and the tangle.
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I. INTRODUCTION

The interest in the motion of small particles—micron size,
as a rule—in turbulent vortex tangles has dramatically in-
creased in the past two years because of the perspectives of
applying particle image velocimetry to obtain new experi-
mental information on superfluid turbulence in 4He.1–6 In
order to understand and interpret the information obtained in
this way, it is essential to know in detail the interaction of the
particles with the vortex lines forming the tangle, which is a
complicated problem. Thus, the particles will not simply be
carried along with the normal component, but their motion
will be modified by the vortex lines. The final aim of the
analyses would be to get information on the normal fluid
velocity and the vortex tangle structure. The final achieve-
ment of this aim will only be possible from a detailed micro-
scopic understanding of several aspects of these interactions.
However, in the meantime, phenomenological descriptions
may also be helpful in focusing the attention on a systematic
view of observable phenomena. Among these phenomeno-
logical descriptions, one could have the study of the diffu-
sion of particles in turbulent tangles, the fluctuations of the
position of one particle, or the effects of particles on some
aspects of turbulence, as, for instance, their role as seeding
particles lowering the intensity of turbulent fluctuations, as
done in turbulence of classical fluids.

II. HYDRODYNAMICAL DESCRIPTION OF
SEDIMENTATION

Here, we propose a hydrodynamical description of the
sedimentation of small particles in a vortex tangle, which
goes beyond previous hydrodynamical descriptions of inho-
mogeneous vortex tangles.7–12

To do so, we determine the force that the vortex tangle is
expected to exert on the particles. In fact, when we refer to
sedimentation, we do not necessarily mean the descending
motion of the particles under the action of the gravitational
force, because the particles are dragged by the ascending
motion of the normal fluid. To be specific, we will consider a
counterflow vortex tangle in a container heated from below.
The heat so communicated is carried away from the lower

plate by the normal �viscous� fluid with a speed vn=q /�sT,
with q being the heat flux, � being the mass density, and s
being the entropy. In the so-called counterflow situations, the
ascending flow of the normal component is compensated by
a descending flow of the superfluid component, in such a
way that the barycentric speed v �defined as �v=�svs+�nvn,
with �s, �n, vs, and vn as the densities and velocities of the
normal and superfluid components� is 0, i.e., vs=−��n /�s�vn.
When vn−vs=Vns exceeds a critical value, a vortex tangle is
formed with vortex line density L. The relation between L
and V may be obtained from suitable evolution equations for
L.13–16

The particle is assumed to have a radius a and a mass
density �p. If the particle was submitted to the viscous fluid
only, the force exerted on it by the fluid would be given by
the well known Stokes law, namely,

FStokes = − 6��a�vp − vn� , �1�

where � is the shear viscosity and vp is the velocity of the
particle. The terminal velocity of the sphere would then be
given by the following classical relation:

− 6�a��vn − vp� = �4�a3/3���p − ��g , �2�

with �=�s+�n as the density of the fluid. The acceleration of
gravity g points downward and vn is supposedly upward.

From a phenomenological point of view, one would
search for the effects of the vortex lines on the particle in the
form of forces related to the velocity between the particle
and the tangle. In fact, it will be seen that this ansatz is not
fully realized, but we take it as a provisional starting point,
and we obtain the suitable corrections after a detailed mac-
roscopic analysis of the phenomenology. In contrast with
previous analyses, which have worked out a more micro-
scopic and complex way, our aim here is to contribute to this
problem with a simpler, more macroscopic, and intuitive pre-
sentation.

As the particle moves across the tangle, it is expected to
drag vortex loops, break vortex lines, connect briefly to
them, and stick to them �Fig. 1�. Here, we will consider two
situations: �1� the particle has one or several vortex loops
attached to it and moving with it, or �2� the sphere moves
across the tangle connecting to vortex lines, dragging them
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until the next vortex line, and commuting then from a vortex
line to the next one. In fact, these two processes are not
necessarily additive. After discussing them separately, we
will discuss up to what point they could interfere with each
other.

A. Vortex loops attached to the particle and moving with it

Assume that the total length of the vortex loops, which
are attached to a particle and dragged by it, is l. The force
experienced by a vortex line of unit length moving across the
normal component is ��s��vp−vn�, where we assume that
the vortex loops move with the same speed as the particle.
Here, �=h /m is the quantum of vorticity �h is the Planck
constant and m is the atomic mass of helium� and � is a
numerical coefficient. Thus, the drag force will be

Floops = − �0l�vp − vn� � − �1�0a�vp − vn� , �3�

where we have assumed that l=�1a, with �1 being a numeri-
cal coefficient of order unity. Note that this expression is
similar to the Stokes one, with ��s�=�eff playing the role of
an effective viscosity as, indeed, this has dimensions of dy-
namical viscosity. To propose Eq. �3�, we have taken into
account that the mutual friction force between the unit length
of the vortex lines and the normal fluid can be written13 as
follows:

fMF = − �0s� 	 �s� 	 �vn − vL�� + �0�s� 	 �vn − vL� , �4�

with vL being the velocity of the vortex line element,
�0=�s�� / ��1−���2+�2�, and �0�=�s���2−���1−���� /
��1−���2+�2�, and we have considered in l the projection of
the total length of the dragged loops orthogonal to the veloc-
ity of the sphere. We have neglected the transverse force �the
second term in Eq. �4�� because it does not contribute to the

drag of the particle, but simply moves the loop on the par-
ticle. In fact, here we are not referring to all vortex lines, but
only to the vortex line constituting the loop attached to the
particle, which is assumed to move with the velocity of the
particle vp; thus, the velocity difference in Eq. �3� does, in-
deed, correspond to vp−vn.

B. Vortex lines elongated by the particle briefly attached to
them

The force exerted by a vortex line, which is elongated by
the motion of a particle connected to it, is of the order of 
V,
the energy per unit length of a vortex line. The coefficient 
V
is given by 
V= ��s�

2 /4��ln�L−1/2 /��, with � of the order of
the vortex core radius �some 0.1 nm�.13,14 Now, we will con-
sider the total force on a particle moving across the vortex
tangle. To do so, we take into account that the number of
vortex lines broken down per unit time by a particle of radius
a moving at a speed vp across a tangle of line density L is
2�a�vp−vL�L. Indeed, 2�a�vp−vL� is the lateral area of the
cylinder of radius a, which is described by the motion of the
sphere per unit time; this area is crossed—in homogeneous
turbulence—by L crossings per unit area. Now, to obtain the
time-averaged force, we write

Ftangle = − �
V�t�2�aL�vp − vL� , �5�

where �t is the average time that the particle spends in every
connection to a vortex line.

In the case we are studying, we must distinguish two situ-
ations: a dilute case, in which the average separation between
vortices L−1/2 is much higher than a, namely, L−1/2�a; or a
dense situation, in which the radius a is higher than L−1/2. In
the first case, the time interval between successive vortex
lines is of the order of �t��2L−1/2 / �vp−vL�, with �2 a nu-
merical constant of order 1. In the case of a dense
situation, the particle is always connected to vortex lines, and
the average time it is attached to one of them is
�t��2a / �vp−vL�. By introducing these expressions for �t in
Eq. �5�, one finds for the force acting on the vortex line the
following:

Ftangle�dilute� = −
�s�

2

4�
ln�L−1/2

�
	�22�aL1/2 vp − vL

�vp − vL�
�6�

and

Ftangle�dense� = −
�s�

2

4�
ln�L−1/2

�
	�22�a2L

vp − vL

�vp − vL�
. �7�

Thus, as we have anticipated, the initial ansatz of forces
related to the velocity has led us, in Eqs. �6� and �7�, to a
final form of forces that do not depend on the modulus of the
relative velocity, because it also appears in the denominator
and it cancels out. Since Eqs. �6� and �7� do not depend on
the modulus of vp−vL, they belong to the so-called dry fric-
tion force.7,11,13

In fact, still a third possibility would be to consider that
the particle gets stuck to a vortex line and cannot fleet away.
This may happen if the relative velocity of the particle is
sufficiently small; thus, a description at very low velocities

(a)

(b)

FIG. 1. The two situations we have considered are the follow-
ing: �a� the particle in motion drags a vortex loop attached to it and
moving with it, and �b� the particle connects to a vortex line and
elongates it until it arrives at the next vortex line, where it connects
from the former line to the latter.
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requires knowing the minimum value of the velocity neces-
sary not to get stuck to a vortex line, but these aspects are not
yet clearly settled and we will not consider them.

As we have commented, the two processes in Secs. II A
and II B may interfere with each other in two ways. It could
be that the vortex loop attached to the particle �Sec. II A� is
lost during the connection-elongation-reconnection process
�Sec. II B�; inversely, it could be that in the reconnection part
of the process, the particle keeps a vortex loop on it for some
time. Therefore, the length of the attached vortex loop, which
is related to the coefficient �1 in Eq. �3�, must not be imag-
ined as a constant parameter, but as a time-averaged param-
eter along the sedimentation. Analogously, the connection-
elongation-reconnection processes could be influenced by
the loop attached to the particle in such a way that the coef-
ficient �2 in Eqs. �6� and �7� must also be thought of as a
time-averaged quantity over the sedimentation process. If
one is interested in the behavior of the sedimentation along a
time much longer than the time scale of the connection-
elongation-reconnection process, the time variations in the
coefficients �1 and �2 should be smoothed out. In contrast, if
one is interested in the short scale behavior of the particle,
the fluctuating time behavior of these coefficients should be
taken into account. Here, according to the available experi-
mental data, we will only assume the long-time behavior of
the sedimentation.

Now, we return to the sedimentation problem by recalling
that the particle is dragged upward by the normal fluid and
downward by the gravitation. The corresponding balance of
forces at sedimentation velocity is as follows:

− �6�� + �1�0�a�vn − vp� +
�2

2
�s�

2 ln�L−1/2

�
	aL1/2 vp − vL

�vp − vL�

=
4�a3

3
��p − ��g . �8�

If we suppose that the velocities vL, vp, and vn are collinear
with g, Eq. �8� yields

vp =
2a2��p − ��

9��1 +
�1

6��0�
g + vn
1 −

�2�H

2
�� ln�L−1/2

�
	a� , �9�

where we have taken into account that in sufficiently well-
developed counterflow turbulence, one has L=�H

2 �Vns /��2

�Refs. 13 and 14� and that Vns=vn−vs= �� /�s�vn according to
the counterflow constraint vs=−��n /�s�vn. In fact, this esti-
mation could be slightly improved by taking into account
that a better expression for L1/2 is L1/2=�H�Vns /��− �b1 /d�,
where d is the width of the channel and b1 is a numerical
constant.15

We now consider the case in which the particle density is
equal to the helium density. In this situation, Eq. �8� yields

− �6�� + �1�0��vn − vp� +
�2

2
�s�

2L1/2 ln�L−1/2

�
	upL = 0,

�10�

with upL as the unit vector in the direction of vp−vL, from
which we deduce that the relative velocity vn−vp has the
direction of vp−vL, while its modulus is expressed as

�vn − vp� =

�2

2 �s�
2L1/2 ln� L−1/2

� �
6�� + �1�0

=

�2

2 ���H ln� L−1/2

� �
6�� + �1�0

vn.

�11�

Therefore, in this situation, it is not always true that vp and
vn are collinear. We also note that from Eqs. �8� and �11�, we
cannot determine the value of vL.

In the dense situation, one would have the following in-
stead of Eq. �9�:

vp =
2a2��p − ��

9��1 +
�1

6��0�
g + vn
1 −

�2�H
2

2
�� ln�L−1/2

�
	a2� .

�12�

To compare Eqs. �9� and �12� with equations in Ref. 3,
recall that g=−gẑ, vp=−vpẑ, and vn=vnẑ, with ẑ being the
unit vector in the upward direction. Equations �9� and �12�
are analogous to those obtained in Ref. 3, but with the dif-
ference that in the logarithmic contribution to the second
term, we have ln�L−1/2 /��, whereas those authors have
ln�a /��. In the dense tangle, we have considered that L−1/2

�a and, therefore, the results are identical. In the dilute situ-
ation, the results differ logarithmically. The numerator and
the denominator in the logarithmic factor in Eqs. �6� and �7�
represent the radial cutoff in the integration of the velocity
profile of the vortex, which has the form � /2�r. In a pure
tangle, the integration is carried out from the core of the
vortex, �, to the next neighbor vortex line, which is at an
average distance L1/2. In the case of the vortex attached to a
sphere of radius a, the radius a seems, in principle, a reason-
able choice, as made in Ref. 3. However, in a more detailed
consideration of the situation, this is not so obvious, as the
vortices are orthogonal to the sphere and, therefore, the ra-
dial velocity profile should be extended to the neighbor vor-
tex line instead of the radius of the sphere, which is in con-
trast to the assumption made in Ref. 3.

III. CONCLUDING REMARKS

The last term in Eqs. �9� and �12� has received much
attention since the experimental findings by Zhang and Van
Sciver1 and has been theoretically derived by Sergeev et al.3

The terms in �2 are of special interest because they would
not appear in a naive hydrodynamic derivation of the expres-
sion for the sedimentation velocity. If the density �p of the
particle is taken equal to the total density of the superfluid,
the first term in Eqs. �9� and �12� would vanish. Even in this
situation, the velocity vp of the particle would not be equal to
the velocity vn of the normal component. This important ob-
servation was made in Refs. 1–6.

Our derivation of these terms differs from theirs in terms
of the numerator of the logarithmic factor and in the presence
of the velocity vL of the vortex lines in Eq. �8�, which we
have discussed above, and in the fact that it is more hydro-
dynamically minded, which is in contrast with Ref. 3 that
starts from a more detailed view of vortex-particle relations.

Another piece of information that would be obtained from
suspended particles would be their positional fluctuations,
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which still require much analysis. Here, we point out one of
the aspects of these fluctuations, which is related to the vor-
tex fluctuations. In a previous paper, we estimated the fluc-
tuations in the length of vortex loops11 and here we suggest
in a speculative way to relate them with the fluctuations of
the position of the suspended particles, 
r. If a particle was
closely attached to a vortex line, the fluctuations in its posi-
tion would be proportional to the fluctuation of the radius of
the vortex loop, which are proportional to the fluctuation of
the vortex length, whereas if the particle is far from the vor-
tex, it will not feel this effect. Then, we tentatively write


r �
a

d


L
N

, �13�

with d�L−1/2 as the average separation between vortices,
L
LV as the total vortex length in the volume V, and N
=L / �l� as the average number of vortices, with �l� being the
average vortex loop length. Then we have the following:

��
r�2�diluted � a2L
1

N2 ��
L�2� = a2 �l�3

V
, �14�

where we have taken our result ��
L�2�= �l�L.11 This result
would be valid in the dilute regime. In the dense vortex
regime, the factor a /d in Eq. �13� should be set equal to 1,
and one would have the following:

��
r�2�dense �
�l�3

LV
. �15�

This is an estimation of the influence of the vortex fluctua-
tions on particle fluctuations, but a rigorous and detailed un-
derstanding of this problem is far from being achieved. Of
course, this contribution should be added to the usual expres-
sion for the position fluctuations coming from Brownian mo-
tion.

However, to ensure that the particle will follow the fluc-
tuations of the vortex, it is necessary that the particle is kept
attached to it, but the trapping probability has not yet been
calculated.6 If it is not attached, the particle will separate
rapidly from the vortex, as discussed in Ref. 6, with the
characteristic time of separation being given by a2 /�. For
particles of the order of a=10−4 cm, which is the typical size
of particles used in particle image velocimetry, the time of
separation is of the order of 10−5 s, which is a very short
time. Thus, it seems that unless the trapping probability is
not considerably high, the fluctuations of the vortices will
decouple from those of the particle.

Let us close our paper by suggesting the interest of ex-
ploring polarized and partially polarized tangles, as those
arising in the simultaneous presence of rotation and
counterflow.16 The model proposed here basically refers to
the interaction between the vertical motion of the particles
and the horizontal vortex lines. In rotating systems, rotation
orients the vortex lines parallel to the rotation axis and the
tangle is not isotropic. Thus, the sedimentation speed would
be expected to depend on the angular rotation of the con-
tainer. By analyzing this situation, a deeper exploration of
other aspects of particle-vortex interaction could be stimu-
lated.

ACKNOWLEDGMENTS

We acknowledge the support of the Acción Integrada
España-Italia �Grant No. S2800082F HI2004-0316 of the
Spanish Ministry of Science and Technology and Grant No.
IT2253 of MIUR Italy�. D.J. acknowledges the financial sup-
port of the Dirección General de Investigación of the Spanish
Ministry of Education under Grant No. FIS2006-12296-
C02-01 and of the Direcció General de Recerca of the Gen-
eralitat of Catalonia, under Grant No. 2005 SGR-00087.
M.S.M. acknowledges the financial support of MIUR Italy
under Grant No. PRIN 200517439-003 and “Fondi 60%” of
the University of Palermo.

1 T. Zhang and S. W. Van Sciver, J. Low Temp. Phys. 138, 865
�2005�.

2 C. F. Barenghi, A. V. Gordeev, and L. Skrbek, Phys. Rev. E 74,
026309 �2006�.

3 Y. A. Sergeev, C. F. Barenghi, and D. Kivotides, Phys. Rev. B 74,
184506 �2006�.

4 C. F. Barenghi, R. J. Donnelly, and W. F. Vinen, J. Low Temp.
Phys. 52, 189 �1983�.

5 D. R. Poole, C. F. Barenghi, Y. A. Sergeev, and W. F. Vinen,
Phys. Rev. B 71, 064514 �2005�.

6 Y. A. Sergeev, C. F. Barenghi, D. Kivotides, and W. F. Vinen,
Phys. Rev. B 73, 052502 �2006�.

7 S. K. Nemirovskii and V. V. Lebedev, Sov. Phys. JETP 57, 1009
�1983�.

8 K. Yamada, S. Kashiwamura, and K. Miyake, Physica B �Amster-

dam� 154, 318 �1989�.
9 J. A. Geurst, Physica B �Amsterdam� 154, 327 �1989�.

10 J. A. Geurst, Physica A 183, 279 �1992�.
11 M. S. Mongiovì, D. Jou, and M. Sciacca, Phys. Rev. B 75,

214514 �2007�.
12 D. Jou, M. S. Mongiovì, and M. Sciacca, Phys. Lett. A 368, 7

�2007�.
13 R. J. Donnelly, Quantized Vortices in Helium II �Cambridge Uni-

versity Press, Cambridge, 1991�.
14 Quantized Vortex Dynamics and Superfluid Turbulence, edited by

C. F. Barenghi, R. J. Donnelly, and W. F. Vinen �Springer, Ber-
lin, 2001�.

15 M. S. Mongiovì and D. Jou, in Condensed Matter: New Research,
edited by M. P. Das �Nova Science, New York, 2007�, pp. 1–53.

16 M. S. Mongiovì and D. Jou, Phys. Rev. B 71, 094507 �2005�.

BRIEF REPORTS PHYSICAL REVIEW B 77, 092507 �2008�

092507-4


